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Abstract

W e compute and color co de the curv ature of tangen t curv es of a 2D v ector �eld

and apply this as a new visualization tec hnique for 
o w �elds. This w a y critical

p oin ts of general top ology can clearly b e recognized in the visualization. W e sho w

that the curv ature of tangen t curv es can b e computed in a simple w a y without using

an y n umerical in tegration ev en if a closed form ula of the tangen t curv es themselv es

do es not exist. F urthermore, w e in tro duce CurVis as a system for visualizing the

curv ature of tangen t curv es on the In ternet. Finally w e demonstrate the applica-

tion of CurVis at an example data set.

Keyw ords: v ector �eld visualization, tangen t curv es, curv ature, v ector �eld top ol-

ogy .

1 In tro duction

The visualization of v ector �elds has b ecome one of the main topics in scien ti�c visual-

ization: CFD-data is usually giv en as v ector �elds, their visualization ma y pro vide new

information ab out man y pro cesses in nature, science and tec hnology .

Sev eral tec hniques for visualizing a v ector �eld ha v e b een dev elop ed. One of the

most imp ortan t approac hes is the visualization of the tangen t curv es of a v ector �eld.

Kno wledge of these curv es implies kno wledge of the directions of the v ectors in the v ector

�eld. The visualization of tangen t curv es creates t w o ma jor problems:

{ a) It m ust b e decided ho w man y tangen t curv es are to b e visualized. On the one hand,

to o man y curv es lead to a confusing displa y . On the other hand, there m ust b e as man y

visualized tangen t curv es as the user needs to infer the b eha vior of the remaining curv es.

{ b) T angen t curv es can in general not b e describ ed as parametric curv es but only as the

solution of a system of di�eren tial equations. Their visualization requires a n umerical

solution of those equations. Sev eral approac hes for a n umerical in tegration of tangen t

curv es are presen ted in [1], [4], [5], [6 ], [7], [8], [10] and [13].
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The use of top ological concepts is an approac h for solving problem a). In [6], [7]

and [8] the critical p oin ts of the v ector �eld are detected and classi�ed. These p oin ts

are connected b y particular tangen t curv es, called separation curv es. Unfortunately , the

classi�cation of the critical p oin ts w orks only for the �rst order appro ximation of v ector

�elds. If the �rst order appro ximation c hanges the top ology , the metho d migh t giv e us a

wrong image of the v ector �eld.

Another approac h for solving problem a) can b e found in [13]. Here, a line in tegral

con v olution tec hnique is used for visualizing the v ector �eld. Since this tec hnique is also

based on the n umerical in tegration of tangen t curv es, the risk of destro ying the top ology

of the v ector �eld remains.

The �rst approac h for dealing with v ector �elds of general top ology can b e found in

[12]. Here a metho d is in tro duced to construct v ector �elds of general top ology using

concepts of Cli�ord algebra.

In the new approac h presen ted in this article w e try to use the p o w er of tangen t curv es

but a v oid the problems a) and b) describ ed ab o v e. W e ac hiev e this b y visualizing not the

tangen t curv es directly but one of their most c haracteristic prop erties: their curv ature.

The curv ature of the tangen t curv es re
ects imp ortan t prop erties of the curv es, and

therefore yields information ab out the b eha vior of the en tire v ector �eld. Generally ,

in areas of turbulences w e ha v e frequen t c hanges in the 
o w direction and th us high

curv atures of the tangen t curv es. W e sho w that the visualization of the curv ature of

tangen t curv es giv es useful additional information ab out the 
o w in comparison to kno wn

tec hniques lik e arro w plots and tangen t curv e in tegration.

Flo w visualization tec hniques require p o w erful computers. Users of p ersonal or p ortable

computers ma y w an t to access visualization services lo cated at some distan t visualiza-

tion serv er o v er the In ternet. The clien t computers whic h access suc h a serv er will ha v e

a v ariet y of displa y capabilities, and the generated images will ha v e to b e transmitted

o v er net w orks of v arying, often lo w bandwidth. T o pro vide for eac h clien t the maxim um

p ossible qualit y of service, an In ternet visualization service m ust b e able to adapt to c on-

text p ar ameters suc h as displa y size and bandwidth. W e will presen t the system CurVis,

whic h uses adaptive image gener ation to pro vide 
o w visualizations to remote clien ts o v er

the In ternet. CurVis w as designed b oth for establishing the new visualization tec hnique

in the In ternet and to giv e the opp ortunit y to compare it with other tec hniques.

This article is organized in the follo wing w a y: section 2 sho ws ho w to compute the

curv ature of tangen t curv es. Based on these results, the new visualization tec hnique is

in tro duced in section 3. The concepts of the CurVis system are in tro duced in section 4.

Section 5 sho ws an application of CurVis for an example data set.

2 Computing the Curv ature of V ector Fields

A 2D steady 
o w is usually describ ed as a 2D v ector �eld V ( x; y ) = ( u ( x; y ) ; v ( x; y ))

T

.

A curv e s � I R is called a tangent curve (stream line) of V if the follo wing condition is

satis�ed: F or all p oin ts ( x; y ) 2 s , the tangen t v ector of the curv e in the p oin t ( x; y ) has

the same direction as the v ector V ( x; y ).
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F or ev ery p oin t ( x; y ) 2 I R there is one and only one tangen t curv e through it (except

for critical p oin ts of V , i.e. p oin ts with k V k = 0). T angen t curv es do not in tersect eac h

other (except for critical p oin ts of V ). They do not dep end on the magnitudes but only

on the directions of the v ectors in the v ector �eld.

Giv en a (non-critical) p oin t ( x

0

; y

0

) in V , let s b e the tangen t curv e through ( x

0

; y

0

).

F urthermore, let s b e parametrized in suc h a w a y that

s ( t

0

) = ( x

0

; y

0

) (1)

_
s ( t

0

) = V ( s ( x

0

; y

0

)) : (2)

(
_

s ( t ) denotes the tangen t v ector of s ( t )). Then w e can compute the second deriv ativ e

v ector
•

s of s at t

0

b y applying the c hain rule to (2):

•
s ( t

0

) = ( u � V

x

+ v � V

y

)( x

0

; y

0

) : (3)

No w w e can easily compute the signed curv ature of s in ( x

0

; y

0

):

� ( t

0

) =

det [
_

s ( t

0

) ;
•

s ( t

0

)]

k
_

s ( t

0

) k

3

: (4)

(2), (3) and (4) ha v e the follo wing consequence: in order to compute the curv ature of a

tangen t curv e in a certain p oin t of a v ector �eld it is not necessary to kno w the tangen t

curv e itself. It is su�cien t to kno w the v ector �eld V and its partial deriv ativ es.

Inserting (2) and (3) in to (4), w e obtain a simple form ula for the curv ature of tangen t

curv es through ev ery p oin t of the v ector �eld:

� ( V ) =

u � det [ V ; V

x

] + v � det[ V ; V

y

]

k V k

3

: (5)

(5) describ es a scalar �eld in the domain of the v ector �eld V . This scalar �eld describ es

the curv ature of the tangen t curv e in ev ery p oin t of the domain. W e call this scalar �eld

� ( V ) the curvatur e of the ve ctor �eld V . � ( V ) is only de�ned for non-critical p oin ts. It

do es not dep end on the magnitudes of the v ectors in V .

The p erp endicular ve ctor �eld V

?

of a 2D v ector �eld V = ( u; v )

T

is de�ned as V

?

:=

( � v ; u )

T

. F or ev ery p oin t of the v ector �eld, the v ectors of V and V

?

are p erp endicular

to eac h other. W e obtain for the curv ature of V

?

:

� ( V

?

) =

u � det [ V ; V

y

] � v � det[ V ; V

x

]

k V k

3

: (6)

3 Visualizing the Curv ature of V ector Fields

W e w an t to visualize the curv ature � of a 2D v ector �eld in the follo wing w a y: compute �

for ev ery p oin t of the domain and color co de these v alues. T o do this w e use a con tin uous

color co ding map with the follo wing prop erties: a negativ e v alue is mapp ed to a green

color, a p ositiv e v alue is mapp ed to a red color. The higher the magnitude of the v alue
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a) b)

c) d)

e) f)

g) h)

i) j)

k) l)

Figure 1: Linear v ector �eld with saddle p oin t (a..d); linear v ector �eld with rep elling

fo cus (e..h); linear v ector �eld with cen ter (i..l)

the ligh ter the color gets. A zero v alue giv es blac k; if the v alue div erges to plus (min us)

in�nit y the red (green) color tends to white.

The pictures a-d of �gure 1 giv e an example of the v ector �eld V ( x; y ) =

 

1

3

!

x +

 

4

1

!

y . This linear v ector �eld has a critical p oin t at (0 ; 0) - a saddle p oin t. Figure

1a sho ws a n umerical tangen t curv e in tegration. Figure 1b is the visualization of its

curv ature. Figures 1d and 1c sho w the same for the p erp endicular v ector �eld V

?

. In

this case, V

?

has a saddle p oin t at (0 ; 0) as w ell. Note that generally the top ology of a

v ector �eld and its p erp endicular v ector �eld migh t di�er.

The reason for visualizing the curv ature of b oth V and V

?

is sho wn b y considering

the follo wing visualization prop erties:

In the curv ature visualization b) of �gure 1 the critical p oin t app ears as highligh t.

Considering (5), � ( V ) tends to in�nit y only if the denominator of � tends to 0. This

o ccurs only at critical p oin ts. Therefore, a highligh t in the curv ature visualization alw a ys

indicates a critical p oin t in the v ector �eld. The rev erse question arises: do es ev ery

critical p oin t pro duce a highligh t in the curv ature visualizations? The answ er is y es, if

w e exclude certain degenerate p oin ts. A de gener ate critic al p oint of a v ector �eld V is a

critical p oin t where the directions of the v ectors of V do not c hange in the neigh b orho o d

of the critical p oin t. F or non-degenerate critical p oin ts, w e ha v e the follo wing

Theorem 1 In the neighb orho o d of a non-de gener ate critic al p oint of a 2D ve ctor �eld

V , the curvatur e of V or V

?

(or b oth curvatur es) tend to in�nity.

An exact de�nition of a degenerate critical p oin t and the pro of of this theorem can b e

found in [14 ]. The same theorem can b e form ulated in the follo wing w a y: non-degenerate

critical p oin ts in a v ector �eld V alw a ys pro duce highligh ts in the visualization of the

curv ature of V or V

?

.

Considering the curv ature visualizations b) and c) of �gure 1 again, another question

arises: Do the curv ature visualizations of V and V

?

con tain all information of V ? The

answ er is giv en b y
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Theorem 2 Given ar e two 2D ve ctor �elds V

1

and V

2

which have non-c onstant dir e ction

�elds. If � ( V

1

) = � ( V

2

) and � ( V

1

?

) = � ( V

2

?

) then the dir e ctions of the ve ctors of V

1

and

V

2

c oincide in every p oint.

See [14] for a pro of. Theorem 2 has an in teresting consequence: the curv atures of V and

V

?

together con tain all information ab out the directions of the v ectors in V . Therefore,

the curv atures of V and V

?

con tain all information ab out the top ology of V . This

statemen t is true for v ector �elds of general top ology .

Pictures e-h of �gure 1 sho w a linear v ector �eld with a rep elling fo cus. Figure 1e

is the n umerical stream line in tegration, �gure 1f is the curv ature visualization. Figures

1h and 1g sho w the same for the p erp endicular v ector �eld. The rep elling no de app ears

completely green around the highligh t in the curv ature visualization and completely red

in the curv ature visualization of the p erp endicular v ector �eld. Figures 1 i-l sho w the

visualization of a cen ter. It app ears completely green around the highligh t in the curv a-

ture visualization (�gure 1j) and has 4 di�eren t areas (colored red or green) eac h of 90

degrees in the p erp endicular curv ature visualization (�gure 1k).

All critical p oin ts of �gure 1 are of �rst order, i.e. they ha v e det [ V

x

; V

y

] 6= 0 in the

critical p oin ts. They can therefore b e classi�ed using the top ology concepts describ ed in

[6]. Figure 1 also sho ws that the di�eren t kinds of critical p oin ts app ear di�eren tly in the

curv ature visualizations. A detailed description of ho w to classify a �rst order critical

p oin t from the curv ature visualization can b e found in [15].

a) b)

c) d)

e) f)

g) h)

i) j)

k) l)

Figure 2: Higher order saddle p oin t (a..d); critical p oin t with t w o elliptic sectors (e..h);

dip ole (i..l)

Figure 2 sho ws a collection of higher order critical p oin ts, i.e. p oin ts with det[ V

x

; V

y

] =

0. None of these p oin ts can b e treated using the top ology metho ds of [6] but their

curv ature visualization giv es a fairly go o d impression of them. Figures 2 a-d sho w a

saddle p oin t with 4 pairs of tangen t curv es through it. In the curv ature visualization

(�gure 2b) w e ha v e eigh t di�eren tly colored sections around the critical p oin t. The

p erp endicular �eld (�gure 2c) has eigh t di�eren t sections as w ell. Figure 2 e-h sho ws the

visualization of the v ector �eld V ( x; y ) = ( y

2

; x

2

)

T

in the range [ � 1 ; 1] � [ � 1 ; 1]. This

v ector �eld has a critical p oin t with t w o elliptic sections in (0 ; 0). Observing the stream

line in tegration (�gure 2e), this critical p oin t ma y b e missed. The curv ature visualization

(�gure 2f ) sho ws it clearly as a highligh t with six di�eren tly colored sections around it.

Here the visualization of the p erp endicular curv ature has t w o di�eren tly colored areas

109



(�gure 2g). Figures 2 i-l sho w the visualization of a v ector �eld describing a dip ole. Both

the visualization of its curv ature (�gure 2j) and its p erp endicular curv ature (�gure 2k)

sho w t w o di�eren tly colored sections around the highligh ted critical p oin t.

A general algorithm whic h infers the top ology of higher order critical p oin ts from the

curv ature visualizations is still unkno wn. Nev ertheless, the higher order critical p oin ts of

�gure 2 can b e w ell distinguished from the �rst order critical p oin ts of �gure 1 b y their

curv ature visualizations.

4 The CurVis System

W e dev elop ed the CurVis system not only for establishing our visualization tec hnique on

the In ternet but also in order to compare it with kno wn tec hniques lik e arro w plots and

stream line in tegration. A n um b er of problems concerning adaptiv e image generation

had to b e solv ed.

4.1 Adaptiv e Image Generation

Adaptiv e image generation can stretc h the limits imp osed b y lo w bandwidth, restricted

clien t displa y resources and pro cessing p o w er. It can sa v e resources b y generating images

on the 
y at a resolution and with a n um b er of colors whic h can b e displa y ed at clien t

side. Compression of the generated image using the righ t compression metho d further

decreases the bandwidth demands. A metho d whic h supp orts progressiv e re�nemen t of

the whole image (e.g., progressiv e JPEG) or ev en only of selected regions of in terest (see

[11]) allo ws the user to early assess the v alue of the visualization for his/her goals and

to cancel unnecessary data transmissions. The adaptiv e image generation pro cess is con-

trolled b y a set of c ontext p ar ameters (see �gure 3):

{ Displa y con text: describ es the clien t displa y size and p ossible n um b er of colors

{ T ec hnique: selects the visualization tec hnique

{ Zo oming: describ es the mapping from the grid underlying the data to the grid under-

lying the pixel image to b e generated

{ Net w ork: describ es the a v ailable bandwidth

Dep ending on these con text parameters, a visualization tec hnique can b e selected and

parameterized b y the system suc h that the image �ts the clien t displa y capabilities.

4.2 System Ov erview

The system CurVis pro vides three visualization tec hniques: the classic streamlines, a

simple arro w plot and the curv ature plot tec hnique presen ted in section 3. F urthermore,

the critical p oin ts of the v ector �eld can b e analyzed using the approac h presen ted in [6]

and transmitted as a textual description. Eac h visualization mo dule creates a bitmap

image. More visualization mo dules can easily b e added, as eac h mo dule runs as a CGI

program on the serv er. This allo ws the simple in tegration of arbitrary executables as

long as they ob ey some basic in terface sp eci�cations. When the image is generated, the
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Figure 3: Blo c k diagram of CurVis

con text parameters discussed ab o v e are considered. An already generated image can b e

zo omed in b y altering the zo oming factor in the con text parameter set. In this case, a new

image of higher resolution is generated using the new con text. Remote users can upload

their data �les to the CurVis serv er for visualization. CurVis automatically selects the

image compression metho d b est suited to the visualization generated. Figure 3 sho ws a

blo c k diagram of CurVis.

4.3 Compression Metho d Selection

CurVis uses image compression metho ds in order to sa v e transmission bandwidth. The

images pro duced b y the di�eren t visualization tec hniques require di�eren t compression

metho ds. One migh t think that the with-loss compression algorithm JPEG is alw a ys

sup erior o v er loss-free algorithms - but that is not the case. As JPEG has b een dev elop ed

for con tin uous-tone true color images, it deliv ers b est compression on this image class. On

images with 256 or less colors, loss-free compressors lik e PNG or GIF are often sup erior

to JPEG. Figure 4 illustrates this fact. Six images w ere color quan tized to three up to

nine bit planes. The resulting images w ere compressed using PNG on the one hand and

JPEG with di�eren t qualit y parameter v alues

1

on the other hand. The curv es in �gure

4 represen t the a v erage compression ratio for the six images. F urthermore, t w o curv es

ha v e b een added depicting the compression ratio of the images that are b est and w orst

compressible using PNG. It can easily b e seen that the compression ratio of JPEG is

indep enden t from the n um b er of colors, and that for images with only a few colors the

loss-free PNG is sup erior o v er the with-loss JPEG. Ho w ev er, the break-ev en p oin t b et w een

JPEG and PNG cannot b e deriv ed from the graph for arbitr ary images , as the v ariation

b et w een individual images is quite high. Instead, test compressions are necessary .

With CurVis, w e are in a b etter situation. Since the di�eren t tec hniques generate

images with v ery di�eren t c haracteristics, w e are able to select the compression metho d

1

The qualit y parameter con trols the quan tization and th us the image qualit y . There is ho w ev er, no

direct relation to sub jectiv e qualit y measures lik e MOS or ob jectiv e qualit y measures lik e PSNR.
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b est suited using our kno wledge ab out these c haracteristics. Arro w plots and streamline

images ha v e only a few colors and large areas shaded in the bac kground color, making

them candidates for loss-free compression using PNG or GIF

2

. Curv ature plots, sho w-

ing smo oth gradien ts of color, can b e b etter compressed using JPEG. Preferably , the

progressiv e JPEG mo de is used. Figure 5 pro vides a comparison. Using JPEG, a stream-

line image can b e compressed to the size of its GIF equiv alen t only b y applying strong

quan tization whic h leads to v ery p o or image qualit y .

Figure 4: Compression ratio of PNG and JPEG dep ending on the n um b er of colors

Figure 5: Suitabilit y of GIF and JPEG for the compression of di�eren t 
o w visualizations

5 Applications and Results

W e applied CurVis to a test data set whic h describ es the 
o w of w ater in the ba y area of

the Baltic Sea near Greifsw ald, German y (Greifsw alder Bo dden). The ba y co v ers an area

of 23 � 26km. The maximal depth of the w ater is 12 meters. The 
o w in this shallo w

w ater can b e considered as a 2D 
o w. The v ectors of the sample p oin ts on a regular

115 � 103 grid ha v e b een obtained b y a n umerical sim ulation. Bet w een the grid p oin ts a

bilinear in terp olation is applied.

Figure 6 (left) sho ws the CurVis start page for the test data set. Here the system

is con�gured to deliv er the curv ature and p erp endicular curv ature visualization of the


o w. Figure 6 (righ t) sho ws the system answ er of �gure 6 (left). F or comparison, w e

2

W e are using GIF instead of PNG in CurVis b ecause nearly all w eb bro wsers can displa y it.
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Figure 6: CurVis - start page (left), curv ature visualization (righ t)

computed the curv ature visualization (�gure 7 b and c) as w ell as a n umerical streamline

in tegration (�gure 7a) using Curvis.

a) b) c)

Figure 7: T est data set; a: n umerical streamline in tegration, b: curv ature visualization,

c: p erp endicular curv ature visualization

Figures 7b and 7c giv e an o v erview ab out n um b er and lo cation of critical p oin ts in

the 
o w. In con trary to the streamline in tegration of �gure 7a, there is no danger of

missing a critical p oin t.

Figure 8 sho ws a zo om in to the mark ed area of �gure 7a. Again, �gure 8a sho ws the

streamline in tegration image, �gure 8b is the curv ature visualization, and �gure 8c is the

p erp endicular curv ature visualization. In the zo omed area of the 
o w w e ha v e 3 critical

p oin ts - t w o cen ters and a saddle p oin t. The cen ters app ear completely red around the

highligh ts in the curv ature visualization. In the p erp endicular curv ature visualization
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a) b) c)

Figure 8: T est data set (magni�cation); a: n umerical streamline in tegration, b: curv ature

visualization, c: p erp endicular curv ature visualization

they ha v e 4 di�eren t colored sections of eac h 90 degree around the highligh t. The saddle

p oin t has 4 di�eren t colored sections around the highligh ted critical p oin t in b oth the

visualiation of curv ature and p erp endicular curv ature.

F urthermore, �gures 8b and 8c sho w clearly the underlying grid structure of the bilin-

ear v ector �eld. This means that a bilinearly in terp olated v ector �eld has no curv ature

con tin uous tangen t curv es across the b oundaries of the grid cells.

6 Conclusions

W e in tro duced a tec hnique for visualizing 2D v ector �elds b y computing and color co ding

the curv ature of the tangen t curv es. This visualization is "exact", w e do not ha v e to apply

an y n umerical solution metho ds. Non-degenerate critical p oin ts can clearly b e recognized

as highligh ts in the curv ature visualization. The visualization of the curv ature of V and

V

?

con tains all information ab out the top ology of V .

Ho w ev er, there are dra wbac ks to the tec hnique as w ell. The curv ature plot do es not

directly pro vide information ab out the direction of the v ector in a p oin t { whic h migh t

b e useful for some applications. A com bination of the curv ature visualization and a

n umerical stream line in tegration (as sho wn in �gures 7 and 8) can o v ercome this.

F or the future w e in tend to visualize the curv ature of 3D v ector �elds. Here suitable

tec hniques of v olume visualization ha v e to b e applied.

CurVis can b e accessed at

http://www.informatik.uni -ros toc k.de /

Projekte/movi/IIS/curvisr dr.h tml .
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