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AbstractWe compute and color code the curvature of tangent curves of a 2D vector �eldand apply this as a new visualization technique for 
ow �elds. This way criticalpoints of general topology can clearly be recognized in the visualization. We showthat the curvature of tangent curves can be computed in a simple way without usingany numerical integration even if a closed formula of the tangent curves themselvesdoes not exist. Furthermore, we introduce CurVis as a system for visualizing thecurvature of tangent curves on the Internet. Finally we demonstrate the applica-tion of CurVis at an example data set.Keywords: vector �eld visualization, tangent curves, curvature, vector �eld topol-ogy.1 IntroductionThe visualization of vector �elds has become one of the main topics in scienti�c visual-ization: CFD-data is usually given as vector �elds, their visualization may provide newinformation about many processes in nature, science and technology.Several techniques for visualizing a vector �eld have been developed. One of themost important approaches is the visualization of the tangent curves of a vector �eld.Knowledge of these curves implies knowledge of the directions of the vectors in the vector�eld. The visualization of tangent curves creates two major problems:{ a) It must be decided how many tangent curves are to be visualized. On the one hand,too many curves lead to a confusing display. On the other hand, there must be as manyvisualized tangent curves as the user needs to infer the behavior of the remaining curves.{ b) Tangent curves can in general not be described as parametric curves but only as thesolution of a system of di�erential equations. Their visualization requires a numericalsolution of those equations. Several approaches for a numerical integration of tangentcurves are presented in [1], [4], [5], [6], [7], [8], [10] and [13].105



The use of topological concepts is an approach for solving problem a). In [6], [7]and [8] the critical points of the vector �eld are detected and classi�ed. These pointsare connected by particular tangent curves, called separation curves. Unfortunately, theclassi�cation of the critical points works only for the �rst order approximation of vector�elds. If the �rst order approximation changes the topology, the method might give us awrong image of the vector �eld.Another approach for solving problem a) can be found in [13]. Here, a line integralconvolution technique is used for visualizing the vector �eld. Since this technique is alsobased on the numerical integration of tangent curves, the risk of destroying the topologyof the vector �eld remains.The �rst approach for dealing with vector �elds of general topology can be found in[12]. Here a method is introduced to construct vector �elds of general topology usingconcepts of Cli�ord algebra.In the new approach presented in this article we try to use the power of tangent curvesbut avoid the problems a) and b) described above. We achieve this by visualizing not thetangent curves directly but one of their most characteristic properties: their curvature.The curvature of the tangent curves re
ects important properties of the curves, andtherefore yields information about the behavior of the entire vector �eld. Generally,in areas of turbulences we have frequent changes in the 
ow direction and thus highcurvatures of the tangent curves. We show that the visualization of the curvature oftangent curves gives useful additional information about the 
ow in comparison to knowntechniques like arrow plots and tangent curve integration.Flow visualization techniques require powerful computers. Users of personal or portablecomputers may want to access visualization services located at some distant visualiza-tion server over the Internet. The client computers which access such a server will havea variety of display capabilities, and the generated images will have to be transmittedover networks of varying, often low bandwidth. To provide for each client the maximumpossible quality of service, an Internet visualization service must be able to adapt to con-text parameters such as display size and bandwidth. We will present the system CurVis,which uses adaptive image generation to provide 
ow visualizations to remote clients overthe Internet. CurVis was designed both for establishing the new visualization techniquein the Internet and to give the opportunity to compare it with other techniques.This article is organized in the following way: section 2 shows how to compute thecurvature of tangent curves. Based on these results, the new visualization technique isintroduced in section 3. The concepts of the CurVis system are introduced in section 4.Section 5 shows an application of CurVis for an example data set.2 Computing the Curvature of Vector FieldsA 2D steady 
ow is usually described as a 2D vector �eld V (x; y) = (u(x; y); v(x; y))T .A curve s � IR is called a tangent curve (stream line) of V if the following condition issatis�ed: For all points (x; y) 2 s , the tangent vector of the curve in the point (x; y) hasthe same direction as the vector V (x; y). 106



For every point (x; y) 2 IR there is one and only one tangent curve through it (exceptfor critical points of V , i.e. points with kV k = 0). Tangent curves do not intersect eachother (except for critical points of V ). They do not depend on the magnitudes but onlyon the directions of the vectors in the vector �eld.Given a (non-critical) point (x0; y0) in V , let s be the tangent curve through (x0; y0).Furthermore, let s be parametrized in such a way thats(t0) = (x0; y0) (1)_s(t0) = V (s(x0; y0)): (2)(_s(t) denotes the tangent vector of s(t)). Then we can compute the second derivativevector �s of s at t0 by applying the chain rule to (2):�s(t0) = (u � Vx + v � Vy)(x0; y0): (3)Now we can easily compute the signed curvature of s in (x0; y0):�(t0) = det [_s(t0);�s(t0)]k _s(t0)k3 : (4)(2), (3) and (4) have the following consequence: in order to compute the curvature of atangent curve in a certain point of a vector �eld it is not necessary to know the tangentcurve itself. It is su�cient to know the vector �eld V and its partial derivatives.Inserting (2) and (3) into (4), we obtain a simple formula for the curvature of tangentcurves through every point of the vector �eld:�(V ) = u � det[V; Vx] + v � det[V; Vy]kV k3 : (5)(5) describes a scalar �eld in the domain of the vector �eld V . This scalar �eld describesthe curvature of the tangent curve in every point of the domain. We call this scalar �eld�(V ) the curvature of the vector �eld V . �(V ) is only de�ned for non-critical points. Itdoes not depend on the magnitudes of the vectors in V .The perpendicular vector �eld V ? of a 2D vector �eld V = (u; v)T is de�ned as V ? :=(�v; u)T . For every point of the vector �eld, the vectors of V and V ? are perpendicularto each other. We obtain for the curvature of V ?:�(V ?) = u � det[V; Vy]� v � det[V; Vx]kV k3 : (6)3 Visualizing the Curvature of Vector FieldsWe want to visualize the curvature � of a 2D vector �eld in the following way: compute �for every point of the domain and color code these values. To do this we use a continuouscolor coding map with the following properties: a negative value is mapped to a greencolor, a positive value is mapped to a red color. The higher the magnitude of the value107
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Figure 1: Linear vector �eld with saddle point (a..d); linear vector �eld with repellingfocus (e..h); linear vector �eld with center (i..l)the lighter the color gets. A zero value gives black; if the value diverges to plus (minus)in�nity the red (green) color tends to white.The pictures a-d of �gure 1 give an example of the vector �eld V (x; y) =  13 !x + 41 ! y. This linear vector �eld has a critical point at (0; 0) - a saddle point. Figure1a shows a numerical tangent curve integration. Figure 1b is the visualization of itscurvature. Figures 1d and 1c show the same for the perpendicular vector �eld V ?. Inthis case, V ? has a saddle point at (0; 0) as well. Note that generally the topology of avector �eld and its perpendicular vector �eld might di�er.The reason for visualizing the curvature of both V and V ? is shown by consideringthe following visualization properties:In the curvature visualization b) of �gure 1 the critical point appears as highlight.Considering (5), �(V ) tends to in�nity only if the denominator of � tends to 0. Thisoccurs only at critical points. Therefore, a highlight in the curvature visualization alwaysindicates a critical point in the vector �eld. The reverse question arises: does everycritical point produce a highlight in the curvature visualizations? The answer is yes, ifwe exclude certain degenerate points. A degenerate critical point of a vector �eld V is acritical point where the directions of the vectors of V do not change in the neighborhoodof the critical point. For non-degenerate critical points, we have the followingTheorem 1 In the neighborhood of a non-degenerate critical point of a 2D vector �eldV , the curvature of V or V ? (or both curvatures) tend to in�nity.An exact de�nition of a degenerate critical point and the proof of this theorem can befound in [14]. The same theorem can be formulated in the following way: non-degeneratecritical points in a vector �eld V always produce highlights in the visualization of thecurvature of V or V ?.Considering the curvature visualizations b) and c) of �gure 1 again, another questionarises: Do the curvature visualizations of V and V ? contain all information of V ? Theanswer is given by 108



Theorem 2 Given are two 2D vector �elds V1 and V2 which have non-constant direction�elds. If �(V1) = �(V2) and �(V1?) = �(V2?) then the directions of the vectors of V1 andV2 coincide in every point.See [14] for a proof. Theorem 2 has an interesting consequence: the curvatures of V andV ? together contain all information about the directions of the vectors in V . Therefore,the curvatures of V and V ? contain all information about the topology of V . Thisstatement is true for vector �elds of general topology.Pictures e-h of �gure 1 show a linear vector �eld with a repelling focus. Figure 1eis the numerical stream line integration, �gure 1f is the curvature visualization. Figures1h and 1g show the same for the perpendicular vector �eld. The repelling node appearscompletely green around the highlight in the curvature visualization and completely redin the curvature visualization of the perpendicular vector �eld. Figures 1 i-l show thevisualization of a center. It appears completely green around the highlight in the curva-ture visualization (�gure 1j) and has 4 di�erent areas (colored red or green) each of 90degrees in the perpendicular curvature visualization (�gure 1k).All critical points of �gure 1 are of �rst order, i.e. they have det[Vx; Vy] 6= 0 in thecritical points. They can therefore be classi�ed using the topology concepts described in[6]. Figure 1 also shows that the di�erent kinds of critical points appear di�erently in thecurvature visualizations. A detailed description of how to classify a �rst order criticalpoint from the curvature visualization can be found in [15].
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Figure 2: Higher order saddle point (a..d); critical point with two elliptic sectors (e..h);dipole (i..l)Figure 2 shows a collection of higher order critical points, i.e. points with det[Vx; Vy] =0. None of these points can be treated using the topology methods of [6] but theircurvature visualization gives a fairly good impression of them. Figures 2 a-d show asaddle point with 4 pairs of tangent curves through it. In the curvature visualization(�gure 2b) we have eight di�erently colored sections around the critical point. Theperpendicular �eld (�gure 2c) has eight di�erent sections as well. Figure 2 e-h shows thevisualization of the vector �eld V (x; y) = (y2; x2)T in the range [�1; 1] � [�1; 1]. Thisvector �eld has a critical point with two elliptic sections in (0; 0). Observing the streamline integration (�gure 2e), this critical point may be missed. The curvature visualization(�gure 2f) shows it clearly as a highlight with six di�erently colored sections around it.Here the visualization of the perpendicular curvature has two di�erently colored areas109



(�gure 2g). Figures 2 i-l show the visualization of a vector �eld describing a dipole. Boththe visualization of its curvature (�gure 2j) and its perpendicular curvature (�gure 2k)show two di�erently colored sections around the highlighted critical point.A general algorithm which infers the topology of higher order critical points from thecurvature visualizations is still unknown. Nevertheless, the higher order critical points of�gure 2 can be well distinguished from the �rst order critical points of �gure 1 by theircurvature visualizations.4 The CurVis SystemWe developed the CurVis system not only for establishing our visualization technique onthe Internet but also in order to compare it with known techniques like arrow plots andstream line integration. A number of problems concerning adaptive image generationhad to be solved.4.1 Adaptive Image GenerationAdaptive image generation can stretch the limits imposed by low bandwidth, restrictedclient display resources and processing power. It can save resources by generating imageson the 
y at a resolution and with a number of colors which can be displayed at clientside. Compression of the generated image using the right compression method furtherdecreases the bandwidth demands. A method which supports progressive re�nement ofthe whole image (e.g., progressive JPEG) or even only of selected regions of interest (see[11]) allows the user to early assess the value of the visualization for his/her goals andto cancel unnecessary data transmissions. The adaptive image generation process is con-trolled by a set of context parameters (see �gure 3):{ Display context: describes the client display size and possible number of colors{ Technique: selects the visualization technique{ Zooming: describes the mapping from the grid underlying the data to the grid under-lying the pixel image to be generated{ Network: describes the available bandwidthDepending on these context parameters, a visualization technique can be selected andparameterized by the system such that the image �ts the client display capabilities.4.2 System OverviewThe system CurVis provides three visualization techniques: the classic streamlines, asimple arrow plot and the curvature plot technique presented in section 3. Furthermore,the critical points of the vector �eld can be analyzed using the approach presented in [6]and transmitted as a textual description. Each visualization module creates a bitmapimage. More visualization modules can easily be added, as each module runs as a CGIprogram on the server. This allows the simple integration of arbitrary executables aslong as they obey some basic interface speci�cations. When the image is generated, the110



Figure 3: Block diagram of CurViscontext parameters discussed above are considered. An already generated image can bezoomed in by altering the zooming factor in the context parameter set. In this case, a newimage of higher resolution is generated using the new context. Remote users can uploadtheir data �les to the CurVis server for visualization. CurVis automatically selects theimage compression method best suited to the visualization generated. Figure 3 shows ablock diagram of CurVis.4.3 Compression Method SelectionCurVis uses image compression methods in order to save transmission bandwidth. Theimages produced by the di�erent visualization techniques require di�erent compressionmethods. One might think that the with-loss compression algorithm JPEG is alwayssuperior over loss-free algorithms - but that is not the case. As JPEG has been developedfor continuous-tone true color images, it delivers best compression on this image class. Onimages with 256 or less colors, loss-free compressors like PNG or GIF are often superiorto JPEG. Figure 4 illustrates this fact. Six images were color quantized to three up tonine bit planes. The resulting images were compressed using PNG on the one hand andJPEG with di�erent quality parameter values1 on the other hand. The curves in �gure4 represent the average compression ratio for the six images. Furthermore, two curveshave been added depicting the compression ratio of the images that are best and worstcompressible using PNG. It can easily be seen that the compression ratio of JPEG isindependent from the number of colors, and that for images with only a few colors theloss-free PNG is superior over the with-loss JPEG. However, the break-even point betweenJPEG and PNG cannot be derived from the graph for arbitrary images, as the variationbetween individual images is quite high. Instead, test compressions are necessary.With CurVis, we are in a better situation. Since the di�erent techniques generateimages with very di�erent characteristics, we are able to select the compression method1The quality parameter controls the quantization and thus the image quality. There is however, nodirect relation to subjective quality measures like MOS or objective quality measures like PSNR.111



best suited using our knowledge about these characteristics. Arrow plots and streamlineimages have only a few colors and large areas shaded in the background color, makingthem candidates for loss-free compression using PNG or GIF2. Curvature plots, show-ing smooth gradients of color, can be better compressed using JPEG. Preferably, theprogressive JPEG mode is used. Figure 5 provides a comparison. Using JPEG, a stream-line image can be compressed to the size of its GIF equivalent only by applying strongquantization which leads to very poor image quality.

Figure 4: Compression ratio of PNG and JPEG depending on the number of colors

Figure 5: Suitability of GIF and JPEG for the compression of di�erent 
ow visualizations5 Applications and ResultsWe applied CurVis to a test data set which describes the 
ow of water in the bay area ofthe Baltic Sea near Greifswald, Germany (Greifswalder Bodden). The bay covers an areaof 23 � 26km. The maximal depth of the water is 12 meters. The 
ow in this shallowwater can be considered as a 2D 
ow. The vectors of the sample points on a regular115� 103 grid have been obtained by a numerical simulation. Between the grid points abilinear interpolation is applied.Figure 6 (left) shows the CurVis start page for the test data set. Here the systemis con�gured to deliver the curvature and perpendicular curvature visualization of the
ow. Figure 6 (right) shows the system answer of �gure 6 (left). For comparison, we2We are using GIF instead of PNG in CurVis because nearly all web browsers can display it.112



Figure 6: CurVis - start page (left), curvature visualization (right)computed the curvature visualization (�gure 7 b and c) as well as a numerical streamlineintegration (�gure 7a) using Curvis.
a) b) c)

Figure 7: Test data set; a: numerical streamline integration, b: curvature visualization,c: perpendicular curvature visualizationFigures 7b and 7c give an overview about number and location of critical points inthe 
ow. In contrary to the streamline integration of �gure 7a, there is no danger ofmissing a critical point.Figure 8 shows a zoom into the marked area of �gure 7a. Again, �gure 8a shows thestreamline integration image, �gure 8b is the curvature visualization, and �gure 8c is theperpendicular curvature visualization. In the zoomed area of the 
ow we have 3 criticalpoints - two centers and a saddle point. The centers appear completely red around thehighlights in the curvature visualization. In the perpendicular curvature visualization113
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Figure 8: Test data set (magni�cation); a: numerical streamline integration, b: curvaturevisualization, c: perpendicular curvature visualizationthey have 4 di�erent colored sections of each 90 degree around the highlight. The saddlepoint has 4 di�erent colored sections around the highlighted critical point in both thevisualiation of curvature and perpendicular curvature.Furthermore, �gures 8b and 8c show clearly the underlying grid structure of the bilin-ear vector �eld. This means that a bilinearly interpolated vector �eld has no curvaturecontinuous tangent curves across the boundaries of the grid cells.6 ConclusionsWe introduced a technique for visualizing 2D vector �elds by computing and color codingthe curvature of the tangent curves. This visualization is "exact", we do not have to applyany numerical solution methods. Non-degenerate critical points can clearly be recognizedas highlights in the curvature visualization. The visualization of the curvature of V andV ? contains all information about the topology of V .However, there are drawbacks to the technique as well. The curvature plot does notdirectly provide information about the direction of the vector in a point { which mightbe useful for some applications. A combination of the curvature visualization and anumerical stream line integration (as shown in �gures 7 and 8) can overcome this.For the future we intend to visualize the curvature of 3D vector �elds. Here suitabletechniques of volume visualization have to be applied.CurVis can be accessed athttp://www.informatik.uni-rostock.de/Projekte/movi/IIS/curvisrdr.html.7 AcknowledgementsThe authors thank Prof. Gerald Farin from Arizona State University and Prof. HeidrunSchumann from Rostock University for their constant support and encouragement. The114
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